Summary. This paper is a continuation of [5] and concerns if-while algebras over integers. In these algebras the only elementary instructions are assignment instructions. The instruction assigns to a (program) variable a value which is calculated for the current state according to some arithmetic expression. The expression may include variables, constants, and a limited number of arithmetic operations. States are functions from a given set of locations into integers. A variable is a function from the states into the locations and an expression is a function from the states into integers. Additional conditions (computability) limit the set of variables and expressions and, simultaneously, allow to write algorithms in a natural way (and to prove their correctness).
Let A be a non empty set and let B be an infinite set. Note that B A is infinite.
Let N be a set, let v be a function, and let f be a function. The functor v • N f yields a function and is defined by the conditions (Def. 13).
(Def. 13)(i) There exists a set Y such that for every set y holds y ∈ Y iff there exists a function h such that h ∈ dom v and y ∈ rng h and for every set a holds a ∈ dom(v • N f ) iff a ∈ Y N and there exists a function g such that a = g and g · f ∈ dom v, and (ii) for every function g such that
Let X, Y , Z, N be non empty sets, let v be an element of Z Y X , and let f be a function from X into N . Then v • N f is an element of Z Y N .
The following three propositions are true:
(3) For all functions f 1 , f 2 , g such that rng g ⊆ dom f 2 holds (f 1 +·f 2 ) · g = f 2 · g.
(4) Let X, N , I be non empty sets, s be a function from X into I, and c be a function from X into N . Suppose c is one-to-one. Let n be an element of I. Then (N −→ n)+·s · c −1 is a function from N into I.
(5) Let N , X, I be non empty sets and v 1 , v 2 be functions. Suppose dom v 1 = dom v 2 = I X . Let f be a function from X into N . If f is one-to-one and
Let X be a set. Observe that there exists a function from X into X which is one-to-one and onto and there exists a function from X into X which is one-to-one and onto.
Let X be a set. An enumeration of X is an one-to-one onto function from X into X . A denumeration of X is an one-to-one onto function from X into X.
One can prove the following propositions:
(6) Let X be a set and f be a function. Then f is an enumeration of X if and only if dom f = X and rng f = X and f is one-to-one.
(7) Let X be a set and f be a function. Then f is a denumeration of X if and only if dom f = X and rng f = X and f is one-to-one.
(8) Let X be a non empty set, x, y be elements of X, and f be an enumeration of X. Then f +· (x, f (y)) +· (y, f (x)) is an enumeration of X.
(9) For every non empty set X and for every element x of X there exists an enumeration f of X such that f (x) = 0.
(10) For every non empty set X and for every denumeration f of X holds f (0) ∈ X.
(11) For every countable set X and for every enumeration f of X holds rng f ⊆ N.
Let X be a set and let f be an enumeration of X. Then f −1 is a denumeration of X.
Let X be a set and let f be a denumeration of X. Then f −1 is an enumeration of X.
We now state two propositions: (12) For all natural numbers n, m holds 0 n+m = 0 n · 0 m . (13) For every real number x and for all natural numbers n, m holds (x n ) m = x n·m .
If-while Algebra over Integers
Let X be a non empty set. A Z-variable of X is a function from Z X into X.
In the sequel A is a pre-if-while algebra. Let us consider A, let I be an element of A, let X be a non empty set, let T be a subset of Z X , and let f be an execution function of A over Z X and T . We say that I is an assignment w.r.t. A, X, and f if and only if the conditions (Def. 14) are satisfied. (Def. 14)(i) I ∈ ElementaryInstructions A , and (ii) there exists a Z-variable v of X and there exists a Z-expression t of X such that for every element s of Z X holds f (s, I) = s +· (v(s), t(s)). Let us consider A, let X be a non empty set, let T be a subset of Z X , let f be an execution function of A over Z X and T , let v be a Z-variable of X, and let t be a Z-expression of X. We say that v and t form an assignment w.r.t. f if and only if: (Def. 15) There exists an element I of A such that I ∈ ElementaryInstructions A and for every element s of Z X holds f (s, I) = s +· (v(s), t(s)). Let us consider A, let X be a non empty set, let T be a subset of Z X , and let f be an execution function of A over Z X and T . Let us assume that there exists an element of A which is an assignment w.r.t. A, X, and f . A Z-variable of X is said to be a Z-variable of A w.r.t. f if: (Def. 16) There exists a Z-expression t of X such that it and t form an assignment w.r.t. f . Let us consider A, let X be a non empty set, let T be a subset of Z X , and let f be an execution function of A over Z X and T . Let us assume that there exists an element of A which is an assignment w.r.t. A, X, and f . A Z-expression of X is said to be a Z-expression of A w.r.t. f if: (Def. 17) There exists a Z-variable v of X such that v and it form an assignment w.r.t. f .
Let X, Y be non empty sets, let f be an element of Y X , and let x be an element of X. Then f (x) is an element of Y .
Let X be a non empty set and let x be an element of X. The functorẋ yielding a Z-expression of X is defined as follows:
(Def. 18) For every element s of Z X holds (ẋ)(s) = s(x).
Let X be a non empty set and let v be a Z-variable of X. The functorv yielding a Z-expression of X is defined by:
Let X be a non empty set and let x be an element of X. The functorx yields a Z-variable of X and is defined by:
The following proposition is true (14) For every non empty set X and for every element x of X holdsẋ =ẋ.
Let X be a non empty set and let i be an integer number. The functor i X yields a Z-expression of X and is defined by:
One can prove the following proposition (15) For every non empty set X and for every Z-expression t of X holds t + 0 X = t and t 1 X = t.
Let us consider A, let X be a non empty set, let T be a subset of Z X , and let f be an execution function of A over Z X and T . The infinite missing N set Z-ElemIns is defined by:
An execution function of F(S, Z-ElemIns) over Z N and Z N 0 =0 is said to be a Z-execution if it satisfies the condition (Def. 25).
(Def. 25) Let s be an element of Z N , v be an element of N Z N , and e be an element of Z Z N . Then it(s, the root tree of v, e ) = s +· (v(s), e(s)).
Let X be a non empty set. The functor Z-ElemIns X yielding an infinite missing N set is defined as follows:
Let X be a non empty set and let x be an element of X. An execution function of F(S, Z-ElemIns X) over Z X and Z X x =0 is said to be a Z-execution with x if it satisfies the condition (Def. 27).
(Def. 27) Let s be an element of Z X , v be an element of X Z X , and e be an element of Z Z X . Then it(s, the root tree of v, e ) = s +· (v(s), e(s)).
Let X be a non empty set, let T be a subset of Z X , and let c be an enumeration of X. Let us assume that rng c ⊆ N. An execution function of F(S, Z-ElemIns) over Z X and T is said to be a Z-execution with c over T if it satisfies the condition (Def. 28).
(Def. 28) Let s be an element of Z X , v be an element of X Z X , and e be an element of
(s)).
We now state three propositions:
(16) Let f be a Z-execution, v be a Z-variable of N, and t be a Z-expression of N. Then v and t form an assignment w.r.t. f .
Let us mention that every Z-execution is Euclidean. One can prove the following three propositions:
(19) Let X be a non empty countable set, T be a subset of Z X , c be an enumeration of X, f be a Z-execution with c over T , v be a Z-variable of X, and t be a Z-expression of X. Then v and t form an assignment w.r.t. f .
(20) Let X be a non empty countable set, T be a subset of Z X , c be an enumeration of X, and f be a Z-execution with c over T . Then every
Let X be a non empty countable set, T be a subset of Z X , c be an enumeration of X, and f be a Z-execution with c over T . Then every Z-expression of X is a Z-expression of F(S, Z-ElemIns) w.r.t. f . Let X be a countable non empty set, let T be a subset of Z X , and let c be an enumeration of X. Observe that every Z-execution with c over T is Euclidean.
Let us observe that F(S, Z-ElemIns) is Euclidean. One can check that there exists a pre-if-while algebra which is Euclidean and non degenerated.
Let A be an Euclidean pre-if-while algebra, let X be a non empty countable set, and let T be a subset of Z X . Observe that there exists an execution function of A over Z X and T which is Euclidean.
In the sequel A is an Euclidean pre-if-while algebra, X is a non empty countable set, T is a subset of Z X , and f is an Euclidean execution function of A over Z X and T .
Let us consider A, X, T , f and let t be a Z-expression of A w.r.t.
Let us consider A, X, T , f , let t be a Z-expression of A w.r.t. f , and let i be an integer number. Then t + i, t − i, and t · i are Z-expressions of A w.r.t. f .
Let us consider A, X, T , f and let t 1 , t 2 be Z-expressions of A w.r.t. f . Then t 1 − t 2 , t 1 + t 2 , and t 1 t 2 are Z-expressions of A w.r.t. f . Moreover, t 1 ÷ t 2 , t 1 mod t 2 , leq(t 1 , t 2 ), and gt(t 1 , t 2 ) are also Z-expressions of A w.r.t. f and they can be characterized by the conditions:
Let us consider A, X, T , f and let t 1 , t 2 be Z-expressions of A w.r.t. f . Then eq(t 1 , t 2 ) is a Z-expression of A w.r.t. f and it can be characterized by the condition:
(Def. 33) For every element s of Z X holds (eq(t 1 , t 2 ))(s) = (t 1 (s) = t 2 (s) → 1, 0).
Let us consider A, X, T , f and let v be a Z-variable of A w.r.t. f . The functorv yields a Z-expression of A w.r.t. f and is defined by:
Let us consider A, X, T , f and let x be an element of X. The functorx A,f yields a Z-variable of A w.r.t. f and is defined as follows:
Let us consider A, X, T , f and let x be a variable in f . We introducex as a synonym ofx A,f .
Let us consider A, X, T , f and let x be a variable in f . The functorẋ yielding a Z-expression of A w.r.t. f is defined as follows:
The following proposition is true (22) For every variable x in f and for every element s of Z X holds (ẋ)(s) = s(x).
Let us consider A, X, T , f and let i be an integer number. The functor i A,f yields a Z-expression of A w.r.t. f and is defined as follows:
Let us consider A, X, T , f , let v be a Z-variable of A w.r.t. f , and let t be a Z-expression of A w.r.t. f . The functor v:= t yielding an element of A is defined as follows:
One can prove the following proposition 
(Def. 58) v*= i = v:= (v · i).
Let us consider A, X, let b be an element of X, let g be an Euclidean execution function of A over Z X and Z X b =0 , and let t 1 be a Z-expression of A w.r.t. g. Absolutely-terminating elements "t 1 is odd" and "t 1 is even" of A are defined by:
Let t 2 be a Z-expression of A w.r.t. g. The functors t 1 leq t 2 , t 1 gt t 2 , and t 1 eq t 2 yield absolutely-terminating elements of A and are defined as follows:
The functor t 1 gt t 2 yields an absolutely-terminating element of A and is defined as follows:
(Def. 62) t 1 gt t 2 = b:= gt(t 1 , t 2 ).
(Def. 63) t 1 eq t 2 = b:= eq(t 1 , t 2 ).
Let us consider A, X, let b be an element of X, let g be an Euclidean execution function of A over Z X and Z X b =0 , and let t 1 , t 2 be Z-expressions of A w.r.t. g. We introduce t 2 geq t 1 as a synonym of t 1 leq t 2 Let us consider A, X, let b be an element of X, let g be an Euclidean execution function of A over Z X and Z X b =0 , and let x 1 be a variable in g. Absolutely-terminating elements "x 1 is odd" and "x 1 is even" of A are defined by:
(Def. 66) x 1 is odd = (ẋ 1 ) is odd. Let us consider A, X, let b be an element of X, let g be an Euclidean execution function of A over Z X and Z X b =0 , and let x 1 , x 2 be variables in g. We introduce x 2 geq x 1 as a synonym of x 1 leq x 2 and x 2 lt x 1 as a synonym of
Let us consider A, X, let b be an element of X, let g be an Euclidean execution function of A over Z X and Z X b =0 , let x be a variable in g, and let i be an integer number. The functors x leq i, x geq i, x gt i, and x lt i yielding absolutely-terminating elements of A are defined as follows:
The functor
x i yielding a Z-expression of A w.r.t. g is defined as follows: (Def. 74)
Let us consider A, X, T , f and let x 1 , x 2 be variables in f . The functors x 1 += x 2 , x 1 *= x 2 , x 1 %= x 2 , and x 1 /= x 2 yielding absolutely-terminating elements of A are defined as follows:
The functors x 1 + x 2 , x 1 · x 2 , x 1 mod x 2 , and x 1 ÷ x 2 yield Z-expressions of A w.r.t. f and are defined as follows:
For simplicity, we follow the rules: A denotes an Euclidean pre-if-while algebra, X denotes a non empty countable set, x, y, z denote elements of X, s denotes an element of Z X , T denotes a subset of Z X , f denotes an Euclidean execution function of A over Z X and T , v denotes a Z-variable of A w.r.t. f , t denotes a Z-expression of A w.r.t. f , and i denotes an integer number.
Next we state a number of propositions: (34) Let b be an element of X, g be an Euclidean execution function of A over Z X and Z X b =0 , x be a variable in g, and i be an integer number. (36) Let b be an element of X, g be an Euclidean execution function of A over Z X and Z X b =0 , x be a variable in g, and i be an integer number.
s, v:= t)(v(s)) = t(s) and for every z such that z = v(s) holds f (s, v:= t)(z) = s(z).
=0 . (37) Let b be an element of X, g be an Euclidean execution function of A over Z X and Z X b =0 , and x, y be variables in g.
=0 . (38) Let b be an element of X, g be an Euclidean execution function of A over Z X and Z X b =0 , x be a variable in g, and i be an integer number. 
(51) Let b be an element of X, g be an Euclidean execution function of A over Z X and Z X b =0 , and x be a variable in g.
=0 . In this article we present several logical schemes. The scheme ForToIteration deals with an Euclidean pre-if-while algebra A, a countable non empty set B, an element C of B, elements D, E of A, an Euclidean execution function F of A over Z B and Z B C =0 , variables G, H in F, an element I of Z B , a Z-expression J of A w.r.t. F, and a unary predicate P, and states that:
P[F(I, E)] and if J (I) ≤ I(H), then F(I, E)(G) = I(H) + 1 and if J (I) > I(H), then F(I, E)(G) = J (I) and F(I, E)(H) = I(H) provided the following conditions are met:
• E = for G: 
(s, D)(G) = s(G) and F(s, D)(H) = s(H), and

